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A model for performance prediction of hydrocyclones
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Abstract

The equilibrium orbit theory and the residence time theory predict that the product between the Stokes number and the Euler number
(Stk50Eu) should be constant for a family of geometrically similar hydrocyclones. It has been already shown that Stk50Eu is, in reality,
a function of feed concentration and water flow ratio. For different families, this product is also a function of the cyclone geometrical
proportions. In this work, data obtained with seven hydrocyclones was used to generate a model based on dimensionless groups capable to
predict performance of hydrocyclones. Unlike other models that can be found in the literature, where the parameters have to be adjusted
for each data set, the proposed model was able to reproduce data from the classical works of Rietema, Bradley and Kelsall. The assumption
of invariance of the reduced grade efficiency curve adopted in this work seems to be a good approximation for performance prediction of
hydrocyclones. The fish-hook effect could not be found in any of the 160 experiments, probably due to the apparatus used to determine
size distributions, which measure a dynamically equivalent diameter known as Stokes diameter. © 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Two well-known theories for particle separation in hydro-
cyclones are the equilibrium orbit theory [1] and the resi-
dence time theory [2]. The equilibrium orbit theory assumes
that particles of a given size will reach an equilibrium radial
orbit position inside the hydrocyclone where their outward
terminal settling velocity is equal to the inward radial veloc-
ity of the liquid. Accordingly to this theory, larger particles
will attain a radial orbit position near the wall, where the ax-
ial fluid velocity has a downward direction. These particles
will, therefore, leave the cyclone through the underflow. The
radial orbit position of smaller particles will be located near
the centre, inside the region where the axial fluid velocity is
upward. These particles will, therefore, escape through the
overflow. The cut size is defined as the particle size whose
equilibrium orbit is coincident with the locus of zero vertical
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velocity of the fluid. Such a particle will have equal chance
to escape the hydrocyclone either through the underflow
or through the overflow. According to the residence time
theory, a particle will be separated as a function of both the
position it enters the cyclone and the available residence
time. The cut size will be the size of the particle which en-
tering the equipment exactly in the centre of the inlet pipe
will just reach the wall in the residence time available.

Although the first patent of a hydrocyclone is about 110
years old, research works are still in progress aiming at
developing new applications [3–7] or at understanding the
complex flow inside this equipment. In the recent years, the
advance of computer power has allowed numerical solutions
for the differential equations that constitute the equation of
motion. The use of computational fluid dynamics (CFD)
is beginning to give a better understanding of the strongly
swirling turbulent flow inside hydrocyclones. These high
swirl effects induce anisotropic turbulence. As the conven-
tional k–ε model assumes isotropic turbulence, it usually
gives incorrect predictions of the flow patterns. This prob-
lem can be overcome either by modifying the original k–ε

model [8,9] or by using the Reynolds stress model [10–12].
The problem still to be properly solved is the coupling be-
tween the particulate phase and the liquid. Turbulent eddies,
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Nomenclature

Cv feed volumetric concentration
Cvu underflow volumetric concentration
d particle diameter (m)
d ′

50 reduced cut size (m)
Dc hydrocyclone diameter (m)
Di feed inlet diameter (m)
Do overflow diameter (m)
Du underflow diameter (m)
ET total efficiency
E′

T reduced total efficiency
Eu Euler number
G′ reduced grade efficiency
k parameter in Eqs. (1)–(3)
� vortex finder length (m)
L hydrocyclone length (m)
L1 height of hydrocyclone cylindrical part (m)
m parameter in Eq. (9)
n parameter in Eqs. (1)–(3)
�P pressure drop (Pa)
Q feed volumetric flow rate (m3 s−1)
Qu underflow volumetric flow rate (m3 s−1)
Rw water flow ratio
Re Reynolds number
Stk50 Stokes number
y cumulative particle size distribution

(undersize) of feed suspension

Greek symbols
α parameter in Eq. (8)
µ liquid viscosity (Pa s)
θ angle of the hydrocyclone cone
ρ liquid density (kg m−3)
ρs solid density (kg m−3)

which are random in nature, and hindered settling make a
theoretical solution for performance very complex. There-
fore, there is still a need for empirical and semi-empirical
models to describe hydrocyclone performance.

Several authors have used either the equilibrium orbit
theory or the residence time theory to derive different equa-
tions for the cut size. It has been shown that most of these
equations lead to the conclusion that the product between
Stokes number and Euler number (Stk50Eu) is constant for
geometrically similar hydrocyclones [13,14]. It has also
been shown that this product depends on the cyclone design,
but is not affected by the relative size of the inlet orifice
(Di/Dc) [15]. Both theories were developed under the as-
sumption that hindered settling does not occur, i.e., that the
feed suspension is diluted. As concentration reduces the ter-
minal settling velocities of the particles, it can be expected
that the product Stk50Eu will vary with feed concentra-
tion. Some hydrocyclones have a set of different underflow
orifice sizes (Du) in order to permit adjustments in their

performance. It is also expected that the product Stk50Eu
will be a function of Du or of an operational variable greatly
affected by Du, like the water flow ratio.

Experimental work has shown that the product Stk50Eu
is a function of water flow ratio Rw and volumetric feed
concentration Cv [14,16]. Based on this work, a model
composed of Eqs. (1)–(3), which describes the operation of
geometrically similar hydrocyclones, was proposed.

Stk50Eu = k1

[
ln

(
1

Rw

)]n1

exp(n2Cv) (1)

Eu = k2 Ren3 exp(n4Cv) (2)

Rw = k3

(
Du

Dc

)n5

Eun6 (3)

where k and n are the parameters of the equations and the
product Stk50Eu, the Euler number Eu, the Reynolds number
Re, and the water flow ratio Rw are given by Eqs. (4)–(7),
respectively.

Stk50Eu = π(ρs − ρ)�PDc(d
′
50)

2

36µρQ
(4)

Eu = π2�PD4
c

8ρQ2
(5)

Re = 4ρQ

πµDc
(6)

Rw = Qu(1 − Cvu)

Q(1 − Cv)
(7)

Table 1 gives the geometrical proportions of the Rietema
[2], Bradley [17], and Demco 4H hydrocyclones. The first
two are families of geometrically similar hydrocyclones and
the last is a commercial one produced by Demco. Table 2
gives the values for the constants in Eqs. (1)–(3) for these
three types of cyclones [14,16,18].

If the feed size distribution y and the reduced grade effi-
ciency curve G′ are known, Eqs. (1)–(3) can fully describe
the performance of a hydrocyclone [19]. G′ can be given by
the Lynch and Rao [20] model or by a modification of the
classical Rosin and Rammler equation [21,44] as proposed
by Plitt [22]. These two models are given by Eqs. (8) and
(9), respectively.

G′ = exp(αd/d ′
50) − 1

exp(αd/d ′
50) + exp(α) − 2

(8)

G′ = 1 − exp

⌊
−0.693

(
d

d ′
50

)m⌋
(9)

Table 1
Geometrical proportions of the hydrocyclones used in this work

Hydrocyclone Di/Dc Do/Dc L/Dc L1/Dc �/Dc θ

Rietema 0.28 0.34 5.0 – 0.40 20◦
Bradley 1/7 1/5 – 1/2 1/3 9◦
Demco 4H 0.26 0.33 3.3 0.55 0.55 18◦
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Table 2
Parameters of Eqs. (1)–(3) for Rietema, Bradley, and Demco 4H hydro-
cyclones [14,16,18]

Constant Hydrocyclone

Rietema Bradley Demco 4H

k1 0.0474 0.0550 0.0088
k2 371.5 258 3300
k3 1218 1.21 × 106 0.127
n1 0.74 0.66 2.31
n2 9.0 12.0 15.5
n3 0.12 0.37 0.00
n4 −2.12 0.00 0.00
n5 4.75 2.63 0.78
n6 −0.30 −1.12 0.00

where α and m are the parameters of the equations. Table 3
gives the values of these parameters for Rietema, Bradley,
and Demco 4H hydrocyclones [14,16,18].

The reduced total efficiency E′
T and the total efficiency

ET can be calculated based on Eqs. (10) and (11).

E′
T =

∫ 1

0
G′ dy (10)

E′
T = ET − Rw

1 − Rw
(11)

The model described by Eqs. (1)–(3) can be used either
in design or in performance prediction of hydrocyclones
of a given geometry. The problem posed here is that hy-
drocyclones with geometrical proportions other than those
mentioned in Table 1 need to be tested in order to find the
constants of the aforementioned equations.

Some authors [20,22–27] have proposed empirical mod-
els to describe the performance of hydrocyclones of any
geometrical proportions. Unfortunately, these empirical
equations are only capable to fit well with their original
data, i.e., the equation constants must be recalculated for
each new data set [25–28].

A model that could be applicable to a cyclone of any
design would have more chances to succeed if it has a the-
oretical background. In the present work, a semi-empirical
model based on dimensionless groups like the model given
by Eqs. (1)–(3) is proposed. In order to validate it, the values
calculated with this model are compared with data sets that
can be found in the classical works of Rietema [2], Bradley
and Pulling [29,45], and Kelsall [30,46].

Table 3
Parameters of Eqs. (8) and (9) for the reduced grade efficiency curve
[14,16,18]

Hydrocyclone α m

Rietema 4.23 2.45
Bradley 5.1 3.12
Demco 4H 5.4 3.30

Table 4
Size of the hydrocyclones and underflow orifices used in this work

Hydrocyclone Dc (mm) Du (mm)

Rietema 1 22 2.0–4.6–6.0
Rietema 2 44 4.0–8.2–11.5
Rietema 3 88 8.5–16.0–24.7
Bradley 1 15 1.0–1.5–2.0
Bradley 2 30 2.0–3.0–4.0
Bradley 3 60 4.0–6.0–8.0
Demco 4H 122 4.5–6.0–11.0–19.0

2. Materials and methods

Data obtained with seven hydrocyclones were used in
this work. Three of the cyclones obey the geometry rec-
ommended by Rietema [2], three obey Bradley’s geometry
[17], and the last was a Demco 4H. Two Bradley and all
Rietema hydrocyclones were manufactured from brass, the
largest Bradley cyclone was manufactured from PVC, and
the Demco 4H is made of steel with an internal protection
of polyurethane. Table 4 gives the diameters of these hydro-
cyclones and also their underflow orifice sizes. The range
of geometrical proportions covered in this work is given in
Table 5. This range was thought to be wide enough aiming
to include most of the well-known hydrocyclone designs.

The test rigs obeyed all recommendations given by
Svarovsky [13] and Heiskanen [31] and details can be found
elsewhere [14–16,18]. Both the underflow and the overflow
were discharged into atmospheric pressure. The pressure
drop used ranged from 70 to 280 kPa, and the pressure
gauge was placed close to the hydrocyclone inlet in order
to exclude the pressure losses in the inlet pipe.

The suspending liquid both in the hydrocyclone exper-
iments and in the particle size analysis was water with
1.0 g l−1 of Calgon as a dispersing agent. The test mate-
rials used were CaCO3 (ρs = 2450 kg m−3), chalk (ρs =
2780 kg m−3), alumina hydrate (ρs = 2420 kg m−3), and
barite (ρs = 3750 kg m−3). The particle size distributions
of the feed solids are shown in Fig. 1. The feed volumetric
concentration varied from 0 to 10%. The dispersion before
each particle size analysis was aided by using an ultrasonic
bath at 80 W for 1 min [32]. The particle size analyses were
carried out using the Andreasen pipette method [33] or a
Ladeq equipment [16].

Table 5
Range of geometrical proportions of the hydrocyclones used in this work

Geometrical proportion Range

Di/Dc 0.14–0.28
Do/Dc 0.20–0.34
Du/Dc 0.04–0.28
�/Dc 0.33–0.55
L/Dc 3.30–6.93
θ 9◦–20◦
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Fig. 1. Particle size distributions of the feed materials used in this work.

3. Results and discussion

An amount of 160 experiments were considered and mul-
tiple linear regression was used to derive Eqs. (12)–(14).

Stk50Eu = 0.12

(
Dc

Do

)0.95 (
Dc

L − �

)1.33 [
ln

(
1

Rw

)]0.79

× exp(12.0Cv) (12)

Eu = 43.5D0.57
c

(
Dc

Di

)2.61 (
Dc

D2
o + D2

u

)0.42

×
(

Dc

L − �

)0.98

Re0.12 exp(−0.51Cv) (13)

Rw = 1.18

(
Dc

Do

)5.97 (
Du

Dc

)3.10

Eu−0.54 (14)

Eqs. (12) and (14) are totally based on dimensionless
groups, therefore, they can be used with any coherent system
of units as, for instance, the international system of units
(SI). This is not case for Eq. (13), where only the SI units
must be employed.

Eqs. (12)–(14) can predict the performance of hydrocy-
clones with geometrical proportions within the limits used
in this work and given in Table 5. For instance, the reduced
cut size, the flow rate, and the underflow orifice size can be
calculated based on Eqs. (4) and (12); (5), (6) and (13); (5)
and (14), respectively, leading to Eqs. (15), (16) and (17).

d ′
50 = 1.173D0.64

c

D0.475
o (L − �)0.665

[
µρQ

(ρs − ρ)�P

]0.5

×
[

ln

(
1

Rw

)]0.395

exp(6.0Cv) (15)

Q = 0.184D−0.217
c D1.231

i (D2
o + D2

u)0.198

× (L − �)0.462µ0.0566ρ−0.528�P 0.472 exp(0.241Cv)

(16)

Fig. 2. Comparison between the experimental values of the reduced cut
sizes obtained in this work and the values predicted by Eq. (15).

Du = 0.983
D1.926

o

D0.229
o

(
�P

ρQ2

)0.174

R0.323
w (17)

Eqs. (15) and (17) can be used with any coherent system of
units as, for instance, the SI units. Eq. (16), however, must be
used only in SI units. Figs. 2–4 show a comparison between
the experimental results of reduced cut size, flow rate and
underflow orifice diameter and the values calculated with
Eqs. (15)–(17), respectively. The good agreement between
the experimental and the calculated values shown in these
figures means that Eqs. (15)–(17) are capable to adjust well
the experimental data that has originated these equations.
In order to test the capability of the model to fit different
data sets, the experimental values reported in classical works
[2,29,30,45,46] were compared with the values predicted by
the model.

Rietema [2] presented the results obtained with a hydro-
cyclone of 75 mm diameter. In order to establish his best

Fig. 3. Comparison between the experimental values of the flow rates
obtained in this work for pressure drops between 70 and 280 kPa and the
values predicted by Eq. (16).
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Fig. 4. Comparison between the actual values of the underflow orifice
diameters used in this work at different operational conditions and the
values predicted by Eq. (17).

geometrical proportions, he varied all important dimensions
of the hydrocyclone. Those experiments that lie within the
ranges presented in Table 5 will be used here for comparison
with the predicted values using Eqs. (15)–(17). Bradley and
Pulling [29,45] used a hydrocyclone of 38.1 mm diameter in
their work on flow patterns in hydrocyclones. As they used
a hydrocyclone that obeys Bradley’s recommended pro-
portions, all their data can be used for comparison. Kelsall
[30,46] in his paper on velocity profile determination used
a 76.2 mm diameter hydrocyclone. He also varied some ge-
ometrical proportions. Unfortunately, all his 12 experiments
were carried out using a hydrocyclone with geometrical
proportions outside the range used in the present work.

Rietema [2] gave the grade efficiency curve of each ex-
periment listed in Table 1 of Part III of his paper. Five
of these experiments lie within the range of geometrical
proportions used in the present work. Bradley and Pulling
[29,45] gave only one reduced cut size obtained through
Fig. 23 of their work. The comparison between these six
experimental reduced cut size and the ones predicted by
Eq. (15) is shown in Table 6.

For flow rate comparison, it is possible to use 17 of the
experiments from Rietema, including the experiments with
water only, all 12 experimental points given in Fig. 21 of

Table 6
Comparison between experimental reduced cut sizes and the ones predicted by Eq. (15)a

Experiment No. Water flow ratio (%) Experimental reduced
cut size (�m)

Predicted reduced
cut size (�m)

Rietema 141 21.6 11.5 9.5
Rietema 144 19 9.3 9.2
Rietema 149 20.7 8.8 8.8
Rietema 153 10 10.0 11.6
Rietema 181 8.3 9.0 10.2
Bradley Single Not informed 20.0 20.8

a Values from Rietema [2] were taken from Table 1 of Part III of his paper (only shown here the experiments with hydrocyclones that lie within the
range of geometrical proportions used in the present work). The value from Bradley and Pulling [29,45] was taken from Fig. 23 of their work.

Fig. 5. Experimental values of flow rate from Rietema [2], Bradley and
Pulling [29,45] and Kelsall [30,46] and the values predicted by Eq. (16).

Bradley’s work, and all 12 Kelsall’s experiments. Fig. 5
shows the predicted values for flow rate given by Eq. (16)
against the experimental values. The Rietema’s experimental
points show a reasonable agreement and the points from
Bradley agree very well. Although his hydrocyclone does
not have geometrical proportions lying within the range used
in the present work, Kelsall’s points show a good agreement,
even for the four points where that author worked without
overflow, i.e., with 100% water flow ratio.

A comparison between the experimental points from
Rietema and Kelsall and the ones predicted by Eq. (17) for
the underflow orifice size can be seen in Fig. 6. The agree-
ment is reasonably good, even using all 25 points of Table 1
from Part III of Rietema’s work. From the 12 Kelsall’s
experiments, only eight could be used here because the
author worked without overflow in the other four experi-
ments. Bradley’s experiment could not be included in Fig. 6
because he did not inform the water flow ratio obtained.

Based on the experimental data from the present work,
the values of α in Eq. (8) and m in Eq. (9) were found to
be 5 and 3, respectively. Fig. 7 shows the predicted reduced
grade efficiency curve given by Eq. (9) with the parameter
m = 3 found in this work. The 13 experimental points of
G′ given by Rietema (related to the five experiments from



12 M.A.Z. Coelho, R.A. Medronho / Chemical Engineering Journal 84 (2001) 7–14

Fig. 6. Underflow diameters actually used by Rietema [2] and Kelsall
[30,46] and the values predicted by Eq. (17).

Table 1, Part III, of his study) and the seven experimental
points given by Bradley in his Fig. 23 are also plotted in
Fig. 7. As can be seen, the agreement is reasonably good.

Although Table 3 shows different values for α and m as a
function of the hydrocyclone design and, implicitly, of the
material used, the authors’ experience is that such varia-
tions does not have a significant influence on the predicted
total efficiencies for the great majority of cases. The same
conclusion was reached by Nageswararao [34], who made a
very detailed analysis of Eqs. (8) and (9). He concluded that
the error introduced in G′ by considering a constant α or m
is well within the sampling and analysis errors associated
in measuring G′. Therefore, the assumption of invariance of
the reduced grade efficiency curve is an excellent approxi-
mation when predicting performance of hydrocyclones (see
Fig. 7).

An interesting discussion can be done regarding the ways
of correcting the grade efficiency to produce the reduced
grade efficiency. The grade efficiency gives the mass frac-
tion of solids of a given diameter recovered in the underflow.
For a better comprehension, the grade efficiency is the total
efficiency a separator would give if fed only with particles of

Fig. 7. Experimental values of the reduced grade efficiency from Rietema
[2] and Bradley and Pulling [29,45] and the curve given by Eq. (9) using
the experimental value of m = 3 obtained in the present work.

a given size. A flow ratio equal to Rw means that this fraction
of feed fluid is leaving the separator through the underflow.
Since the fluid carries solid particles with it, some particles
will be discharged into the underflow not due to the cen-
trifugal action of the separator but due to entrainment. Since
originally proposed by Kelsall [35], Rw has been widely
used to represent this bypass [31] and is assumed to be the
minimal efficiency at which a separator will operate even if
no centrifugal action takes place. Therefore, the use of Rw to
correct the grade efficiency means that the proportion of all
sizes reporting to the underflow through the bypass mech-
anism is equal to Rw. The reduced grade efficiency curves
represented by Eqs. (8) and (9) are obtained through normal-
isation of the grade efficiency curves using Rw. They are con-
venient mathematical functions because G′ given by these
equations varies from zero, as the particle sizes approach
zero, to 1, as the size reaches large values. However, these
equations are not capable to simulate the fish-hook effect (a
dip exhibited in the grade efficiency curve) that is sometimes
reported in the literature [36,37]. Since laser particle size
analyser started to be used and because these equipments
can measure very fine particle sizes, this phenomenon has
been more intensively reported and different models, aim-
ing to account for it, have been proposed [38–41]. Several
reasons have been given to explain the fish-hook effect. For
instance, Finch [42] treated the entrainment as a function
of particle size. He considers that relatively large particles
will not move so readily as the water but, with decreasing
size, they progressively separate in proportion to the water.
Frachon and Cilliers [38] explain the fish-hook based on a
methodology that quantifies the relative importance of par-
ticle dispersion due to turbulence, and particle motion due
to classification forces. Ray et al. [43] recently published
an interesting work where different analytical methods are
used to evaluate grade efficiencies of cyclones. They found
fish-hook effects when using a laser scattering sizer but not
found them when using a disc centrifuge to measure the par-
ticle size of the same samples. When analysing the results,
they say that “in the disc centrifuge only one particle size
is registered at any given time, while in the laser scattering
sizer, the size distribution is back-calculated from a signal
arising from the suspension as a whole”. They also stated
that “the difficulties of light scattering sizing techniques in
the fine end are well known” and that “since the apparatus
does not determine a dynamically equivalent diameter, errors
may arise from factors such as non-sphericity or a varying
particle density. Moreover, the analysis turned out to be very
sensitive to the optical model, and indications are that the
technique may not give accurate results in the extremes of the
size range”. Therefore, care must be taken when analysing
fish-hook effects obtained when using laser scattering siz-
ers for particle size measurements. In the present work, two
apparatus were used to determine size distributions, and
both measure Stokes diameter, a dynamically equivalent
diameter. This may be the reason why the fish-hook effect
was not found in any of the 160 experiments.
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4. Conclusions

Based on dimensionless groups derived from the equi-
librium orbit theory [1] and the residence time theory [2],
a model for performance prediction of hydrocyclones has
been developed. The model was able to reproduce not only
the data used in this work but also data from the classical
works of Rietema [2], Bradley and Pulling [29,45] and
Kelsall [30,46].

The assumption of invariance of the reduced grade effi-
ciency as a function of d/d ′

50 seems to be a good approx-
imation when predicting performance of hydrocyclones.

An analysis was done on the ways of correcting the
grade efficiency. The published data indicate that fish-hook
effects obtained with laser particle size analyser should
be confirmed using an apparatus that determines dynami-
cally equivalent diameters. Further work is required on this
subject.
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